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Question 1

9
(X ) -3 (Z y) = kI, where x, y, z, k are constants. Determine x, y, z.

y z zZy

Model solution

Because the right-hand side is a scalar multiple of the identity, both off-diagonal enftries
on the left must be zero. Equating corresponding entries gives

9-3y=0, y—3z=0.

y =23, z=1.

The two diagonal entries must both equal the same number k. The lower-right entry gives
k=2z—3y =1—-9 = —8, so the upper-left entry gives

Xx—32z2=—-8 — x—-3=-8 — x=-b5.

[ x=-5,y=3 z=1 ]
(4)
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Question 2

f(z) = 2% + az® + bz + 175, where a, b are real. Given that —3 + 4i is a root of f(z) = 0: (a) find a, b;
(b) show all roots on one Argand diagram; (c) write down the roots of f(z +2) = 0.

Model solution

(a) Real coefficients are the clue that the conjugate —3 —4i is also a root. These two roots
give the quadratic factor

(z4+3—41)(z+3+4) = (z+3)>+ 16 = 2> + 62 + 25.

Its constant term is 25. Since the constant term of the cubic is 175, the remaining linear
factor is z+ 7:

f(z) = (22 +62+25)(z+7) = 22 + 1322 + 67z + 175.

[ a=13, b =67 ]

(4) (b) The factorisation gives three roots. On an Argand diagram plot the points (—3,4),
(—3,—4) and (—7,0), labelled —3 + 4i, —3 — 4i and —7, respectively.

{ Roots —3 + 4i, —3 —4i, —7. )
(2) (c) Put uw=2z+2 For f(z+2) =0, umust be a root of f, so subtract 2 from each root.
[ 54 4i, -5 4i, 9. ]
(1)
q )
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Question 3

1 0 0 1 3 0

A= (O V3/2 —1 /2) and B = (\/§ 0 5\/§> . (a) Describe A. Transformation A followed by
0 1/2 /32 1 2 0

B is C. (b) State the error in using AB. (c) Find C.

Model solution

(a) The first coordinate is unchanged and the y,z block is the standard rotation matrix
with cos® = v/3/2 and sin® =1/2.

[ Rotation through 30° about the x-axis. }

(2) (b) A column vector is first multiplied by A, then by B, so Cx = B(Ax) = (BA)x.
Matrix multiplication must therefore be in the reverse order from the verbal order.

[ The matrices were multiplied in the wrong order: C = BA, not AB. ]

(1) (c) Multiply B by A, taking each row of B times each column of A:

1 3 0 1 0 0 1 3V3/2 —3/2
C=BA=|(v3 0 5/3]| |0 v3/2 —1/2|=|+3 5V3/2 15/2
1 2 0 0 1/2 +3/2 1 V3 —1

1 3v3/2 =3/2
C=|(+v3 5V3/2 15/2
1 V3 -1

(1)

-
.
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Question 4

2+3i
i h h
(i)(a) Show that 51

= k(1 +1). (b) Hence find the smallest positive integer n for which

5+1
Determine a, b.
g J

Model solution

(i)(a) To put a quotient of complex numbers into a usable form, multiply numerator and
denominator by the conjugate of the denominator.

2431\ "
<+—l> isreal. (ii) z = a + bi, where a, b are real, satisfies 1210] = 59049 and arg(zlo) = —5m/3.

2+31_(2+31)(5—i)_10—21+151—312_13+131_1(1+U
541  (B5+1)(5—-1) 26 262 '

| |

(3) (i)(b) From part (a), the expression is a positive real multiple of 1 + 1, whose
argument is t/4. Its nth power is real first when nm/4 = 7.

[ n=4 ]

(1) (i) Moduli multiply under powers, so |z|'° = 59049 = 3'°, giving |z| = 3. Using the
specified argument,

10 ar 7,——5—7T — ar z——z
2= 773 82~ 7%

(4)
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Question 5

The region bounded by the axes and y + x2 =2,0 < x < V2, is rotated through 360° about the y-
axis. The density is 900 kg m—>. (a) Estimate its mass to 2 significant figures. (b) Give a limitation.
(c) Evaluate the model if the actual mass is approximately 5500 kg.

- /

Model solution

(a) Rotation about the y-axis is most direct with cylindrical shells. A strip at distance x
has radius x, height y = 2 —x?, and thickness dx, so

V2

V2
VZZT(J x(2—x2)dx:2n[x2—ﬂ — o (2—1) =21t mP,

0 0

mass = 900(27t) = 18007t = 5654.... Kg.

[ 5.7 x 10° kg (2 s.f). ]

(6) (b) The model assumes that the pile is exactly a solid of revolution
with the stated smooth parabolic cross-section. A real pile need not have this rotationally
symmetric shape.

[ For example, the pile is unlikely to be perfectly rotationally symmeftric. ]

(1) (c) The predicted mass is about 5655 kg, only about 155 kg (roughly 3%) above 5500
Kg.

The model is reasonably suitable because its estimate is close to the
actual mass.

(1)

-
\
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Question 6

.

0 1 -3
the plane IT containing 1; and perpendicular to 1. (c) Verify A(3,1,1) lies on IT. The intersection
of Tand 1, is (2,3,2); B(p, q,r) lieson 1, AB = 2+/5, and P, q, T are positive integers. Find B.

—2 3 1
L:r= ( 2 ) +A (O) . 1 is parallel to ( 2 ) . (a) Show the lines are perpendicular. (b) Find

J

Vs

Model solution

(a) Perpendicular directions have scalar product zero.

3 1
o)-1 2 =34+0—-3=0.
1 -3
[ 1 L L. ]

(2) (b) Since 11 is perpendicular to 1, the direction of 1, is a normal to the plane. Using
the point (—2,2,0) on 1,,

1 X+ 2
2 |- ly—2|=0 = x+2y—3z=2.
-3 z
[ M: x+2y—3z=2 ]

(2) (c) Substitute the coordinates of A:
342(1)—3(1) =2.

[ Hence A(3,1,1) lies on TI. ]

(1) (d) Starting from the stated intersection point, write a general point of 1, as
B=1(232)+1t(1,2,-3) =(2+1t,3+2t,2—3t).
The distance condition determines the parameter:
R+t—3)2+(B34+2t—1)>+(2—3t—1)*> =20,

(t—1P2+(2t+2)2+(1-3t)>=20 = 14t>+6 =20,

t==+£1.
These give (3,5,—1) and (1,1,5). Only the latter has all coordinates positive.
[ B =(1,1,5). ]

(6)
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Question 7

(i) Shade the set |z — 3| < |z + 6i] on an Argand diagram. (ii) Find the exact complex number w
satisfying arg(w — 2) = 7/3 and arg(w + 1) = /6.

Model solution

(i) Write z = x + iy. The condition compares distances from (3,0) and (0,—6), so its
boundary is their perpendicular bisector. Algebra identifies both the boundary and the
correct side:

(x =324y <x*+(y+6? = 2x+4y+9>0.

Draw the solid line y = —3x — 3 (through (—9/2,0) and (0,—9/4)) and

shade y > —ix — 3, the side containing (3,0).

(3) (ii) An argument condition fixes a ray. The first ray starts at (2,0),
with gradient tan(7t/3) = \/3; the second starts at (—1,0), with gradient tan(mt/6) = 1//3.
Their intersection is w = x + iy:

+1
:\/3')(_—2, :X .
y ( ) Y=

7 3Vv3

SX_6fX+1 > X*E, y—T

_ 7 ,3/3
(6)
N J
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Question 8

Question 8

(a) Use the standard results for } ' ;r?and ) [ ; rtoshow ) I ;(2r —1)? = Z(an? — 1), finding
a. (b) Hence find the sum of the squares of all positive odd three-digit integers.

Model solution

(a) Expand the square so that the two supplied standard sums can be used:

[ a=4 ]

(5) (b) The positive odd three-digit numbers are 101,103,...,999, namely 2r — 1 for
51 < r < 500. Subtract the first 50 odd squares from the first 500:

- 500 50

J— 2 [ . 2 J— —_— . 2 —
;m(zr 1)? = 3 (4-500>—1) 3 (4-50% —1).
_ 500(999999; —50(9999) _ | (100850,
( 166499 850, )
(3)
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Question 9

k -2 7
(i) P = (3 —5 2). Show P is non-singular for all real k. (ii) Q = (_23 _01) maps A(a,2)

k k 4
and B(4,—a) to A’ and B’. Given A’B’ = /58, find a.

. J

Model solution

(i) A matrix is non-singular precisely when its determinant is non-zero. Expand the deter-
minant along the first row:

-5 2
k 4

-3 2
k 4

|P|_k’ ’+2‘ ‘+7|_1<3 _kS’_—2k2—10k—24_—2(k2+5k+12).

The quadratic X? 4 5k + 12 has discriminant 25 — 48 = —23 < 0, so it has no real zero.

[ |P| £ 0 for every real k; therefore P is non-singular. ]

(4) (ii) Apply the transformation to both column vectors, then use the distance formula:
Al 2 -1\ (a\ (2a-2 B/ — 2 -1 4\ [(8+a
-~ \-3 0 2) \ =3a /)’ ~\-3 0)\—-a) \ —-12 )
(@a—10)*+ (12 —3a)* =58 = b5a®—46a+93 =0.

(5a —31)(a—3) =0.

[ a=3o0ra=>3 ]

(5)

Ve
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Question 10

Question 10

(i) z* + 522 — 30 = 0 has roots p, q, 7, s. Without solving it, find the monic quartic whose roots are
3p—1,3q—1,3r—1,3s — 1. (ii) The roots of 4x> + nx + 81 = 0 are o, 2ct, x — B. Find (a) the roots
and (b) n.

.

J

(i) The new roots are obtained from old roots by w = 3z—1, so substitute z = (w+1)/3 into
the original equation. This creates an equation directly in the required new root variable:

1\* 1\?
(V%) +5<V%) —30=0.
(w4 1)* +45(w + 1)* — 2430 = 0.

w* +4w? + 51w? + 94w — 2384 = (.

[ W+ 403 + 51w? + 9dw — 2384 — 0, ]

(5) (ii)(a) Vieta's relations are appropriate because the roots are expressed in terms of
two unknown constants. The coefficient of x> is zero, so

x+20+(x—B)=0 = P =4«

The product of the roots is —81/4:

oa(20)(x — B) =20 (—3t) = —60° = —%.
3
X = E, B =6
[ The roots are 3, 3, —3. ]

(5) (ii)(b) The coefficient of x, divided by the leading coefficient, is the sum of the
pairwise products:

n 3 3 9 9 9 27 27 63
- (5) (3”(5) (‘5)*3(—5) =371 27 &

[ n=—63. ]
2)

Vs

Model solution
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