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Question 1

A uniform lamina is the isosceles trapezium shown. BCEF is a square of side 3a,and AB = CD = a.
The mass is M.

T

Figure 1

A uniform plane lamina is in the shape of an isosceles trapezium ABCDEF, as shown

11
(a) Show that its centre of mass is ?a from AD.

(b) It is suspended by light vertical strings at A and F, hanging with BF horizontal. Find the tension
at A.

g J
Model solution

(a) Divide the lamina into the square and its two congruent triangular ends. Taking moments
of area about AD is appropriate because all three centroid distances are then simple.

piece | area | centroid distance from AD

AABF | 2a? a
OBCEF | 9a? 2a
ACDE | 3a? a

If y is the distance of the combined centre of mass from AD, equating moments gives

(3a®)a+(9a%) (3a) + (3a®) a= (2a®> +9a* + 3a) v.

11
323a3 =12a%y = y= ?a.

The centre of mass is ?a from AD.

(5)
(b) Take moments about F to remove the other unknown tension. The weight acts vertically

through the centre of mass, whose horizontal distance from F is 3a — “Ta = 1%‘1

13a 13
Ta(3a) = Mg (8) = Tar= ﬂMg.
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~ 13Mg

.
A 24

(2)
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Question 2

Question 2

Uniform wire forms the framework shown. ABCD is a rectangle with AD = 2a and DC = a. BEC
is a semicircular arc of radius a, with diameter BC and centre O; OE L BC.

A B
A
2a 0 E
v
D C
+—>
a
Figure 2
. a
(a) Show that the centre of mass is from BC.

+ 7
(b) Suspended from A, the framework hangs with AE at angle 6 to the downward vertical. Find 6.
(c) The framework has mass M. A particle of mass kM is attached at B, and the loaded centre of
mass lies on OA. Find k.

Model solution

(a) Since the wire is uniform, mass is proportional to length. Take moments about BC: the
rectangular wire has its centre on this line, so gives ho moment.

rectangular-wire length = 6q, arc length = ma.

The centroid of a semicircular arc is 2;“ from its diameter. The rectangular wire's centre
is 5 to the left of BC, whereas the arc's centre is to its right. Taking moments about BC,
with leftward moments positive, gives

(6a) (9) — (ma) (i:‘) — (6a + ma)x.

2
2 o a
a-=a6+m)x = X_6+7t'
The centre of mass is ¢ to the left of BC. J
6+

(5)
(b) A freely suspended body has its centre of mass vertically beneath its suspension point.
Let that centre be G, so the downward vertical is AG. The required rotation is the angle
between AE and AG, so calculate both angles to the horizontal.

1
Z(AE, horizontal) = tan™* <i> =tan ! (= ).
2a 2
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From A to G, the horizontal displacement is a — 6%” and the downward displacement is a.

Hence
Z(AG, horizontal) = tan™" — | =tan! (m)
a— - 547
; : 6+ -1 o
0 = Z(AG, horizontal) — Z(AE, horizontal) = tan 5o tan — ) =21746...°.
[ 0 = 21.7° (approximately). ]

4)
(c) Take moments about OA. The framework's centre is at perpendicular distance x sin 45°
from OA, and B is on the other side at distance asin45°. The opposing moments balance.

M (L) sin45° = kM (a) sin 45°.

6+
1
k=
k = bout 0.109).
6+7t(a ou )
(3)
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Question 3

A cyclist moves at constant speed around a horizontal circle of radius r on a track banked at angle

4
o, where tan o = Z In a rough-track model the coefficient of sideways friction is p < 3
(a) Show that the maximum speed without sideways slipping is

_ [3+4p
V= 4_3Hrg.

(b) In a frictionless model find the corresponding speed U.
(c) Show that U < V.

-~
-

Model solution

(a) At maximum speed the cyclist tends to slide up the bank, so limiting friction acts
down the slope. Let R be the normal reaction and F the friction. Resolve vertically and
horizontally towards the centre.

mV?

Rcos ¢ — Fsin @ = mg, Rsin o + Fcos o =

At limiting equilibrium, F = uR. Since tan x = 3/4, sinx = 3/5 and cos « = 4/5, so

4 3p\ 3 4p\  mv?
R(55)‘“19’ R<5+5)_ r

5mV?
R(4—3u) =5mg,  R(3+4u) =1
Dividing eliminates the unknown reaction.
V? 4 4
—:3+ s = V= S urg.
rg 4-—-3u 4 —3u
3+4pu
V=4/-——g
4 —3u J
)
(b) With no sideways friction, put u =0 in the result above.
u= ng
3r
U=4/29
4
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2)
(c)As u>0and u< 3 3+4u >3 and 4 — 3y < 4, with positive denominators. Thus
3+4n 3
4 -3 4
Multiplying by positive rg and taking positive square roots gives V > /3rg/4 = UL
[ U<V ]
)
- J
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Question 4

A particle moves on the x-axis. At time t > 0, its velocity is

(3e2t — 1) ms L.

N[ —

Vv =
Its acceleration is a m s—2.
(a) Show that a =2v + 1.
(b) Find the acceleration when t = 0.
(c) Find the exact distance travelled while the speed increases from 1ms—!to4 ms~!.

G J

Model solution

(a) Acceleration is the rate of change of velocity, so differentiate with respect to time, then
express the result using v.

dv 1

(3-2e?Y) = 3e2t.

1
m+1:2Lw&t1@+1:%ﬂ:a

( a=2v+1 )
2)
(b) Put t = 0 into the acceleration expression.
a=3e"=3.
[ 3ms> ]

(1)
(c) Usev = 3—1‘ tfo find position. The velocity is positive during this interval, so displacement
equals distance travelled.

dx 1 3 1

7:732t71’ :72t**t C.

gt ~ 2% T x=gen oot
Use the two speeds to find the endpoints in time:

1 2t _ _ 1 2t _ _ 1
5B —1)=1=1t=0, S(Be*-1)=4=t=_In3

The constant cancels on subtracting positions.

In3
3 1 ]2
distance = |—e*' — —t
1 T2,
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In3 m.

N | G
I

7)
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