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Question 1
D c
E
E 3a
4 M B
-«
3a
Figure 1
A uniform lamina is made by removing the isosceles triangle ABE from rectangle ABCD, where
AB =3a, AD = 4a, M is the midpoint of AB, and EM = 3a.
13
(a) Show that the centre of mass is ?a from AB.
(b) The lamina is suspended from D. Find, to the nearest degree, the angle between AD and the
vertical.

Model solution

(a) Treat the removed triangle as negative mass. Since the lamina is uniform, its mass is
proportional to its area, so moments of areas about AB locate the centre of mass.

part | area | distance of its centre from AB
ABCD 12a® 2a
ABE | 1(3a)(3a) = a? 3(Ba)=a

The friangle's centroid is one third of its height from its base. The area of the remaining

lamina is 9 15
12(,12 — iaz = Eaz.

Let x be the required distance from AB. Equating moments about AB, with the removed
friangle subtracted, gives

15 9
7a2x = (12a*)(2a) — (2a2) (a).

240®> —3a®>  13a
X = —=

15 .2 ’
> a 5

1
The centre of mass is % from AB.

(5)
(b) When suspended freely, the centre of mass lies vertically below D. The symmetry of
the original shape about EM means that the centre of mass is horizontally 37‘1 from AD.

Its vertical separation below D is
13a  7a

dg— 2% _ 79
“TT5 T
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Therefore the required angle « between AD and the vertical is found from the right triangle
Joining D to the centre of mass:
tan %a 15
xX=+-=—.
Za 14
x=4697...°.
[ x = 47° to the nearest degree. ]
(3)
. J
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Question 2

A particle moves on the x-axis with velocity
v=3—-v2t+1, t>0.

(a) Find when it is instantaneously at rest.

b) Show thata = ——.
(b) Show that a 3
2

4
(c) Find its speed when it is decelerating at zm s™-.

(d) Find the total distance travelled betweent = 0 and t = 12—5

Model solution

(a) Instantaneous rest means zero velocity, so set the given expression for v equal to zero.

0=3-Vv2t+1 = V2t+1=3 = 2t+1=09.

{ t=4s J
()

(b) Acceleration is the rate of change of velocity. Differentiate the square-root expression,
then use /2t +1 =3 — v to express the answer in terms of v.

dv 1 1 1
a=— = — = — =

dt V2t +1 3—v v-3

3)
(c) The particle is decelerating while initially moving in the positive direction, so its accel-
eration is —% m s—2. Substitute this in the result from part (b).
4 1 3

i R . A
3 v—3 4 4

The speed is Z =225ms L

2)
(d) Distance requires the magnitude of displacement. The particle changes direction at
t = 4, found in part (a), so integrate on each side of this time and add the two positive
distances.

1
s:J<3—\/2t+1> at =3t — (2t + 1)+ C.
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Using S(t) =3t — (2t +1)%2

S(0) = —+ S(4)=3, S (12—5) — g.

Velocity is positive before t = 4 and negative afterwards. Hence

. _ 1 7\ 10 11 31
total distance = (3— (—3)) + (3—6> == + =

1 1
The total distance travelled is % m= 55 m.

(4)
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Question 3

Question 3

Figure 2

Uniform wire forms the framework AB, BC, BD, AD and arc CD. Here AB = 1.5a, BC = BD = 2q,
CD is a circular arc of radius 2a and centre B, ABC is straight and ABD is a right angle.

4
(a) Show that the centre of mass of arc CD is £ from AC.

7
(b) Show that the centre of mass of the framework is 7% from AC.
2(8 +m)

(c) The framework is pivoted at A and is held with BD horizontal by an upward vertical force at D.
Its mass is M, and the magnitude of the pivot force is kMg. Find k.

Model solution

(a) Arc CD subtends 90° = 7 at its centre B. The centre of mass of a circular arc lies on

its angle bisector. The quoted arc formula gives its distance from B, resolve this distance
perpendicular to AC.

(2a)sin(mt/4) 4v2a
/4 oo

distance from B =

4/2a ~ m 4da
sin— = —.
T 4 T

distance from AC =

4
The centre of mass of arc CD is Fa from AC.

)
(b) Use moments of wire lengths about AC. Pieces AB and BC lie on AC, so their moments
are zero. Also, AD = /(1.5a)2 + (2a)? = 2.5a

wire piece | length | distance of its centre from AC

AD ga a

BD 2a a

arc CD ma oo
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The total wire length is (8 + mt)a. If its centre of mass is distance x from AC, then

(8 +max = (§a> a+ (2a)a + (ma) <4_a> = 1—7c12.
2 T 2
17a
2(8+m)

X =

17
The centre of mass is e from AC.
2(8 + m)

4)
(c) With BD horizontal, the force at D and the weight are vertical. Taking moments about
A removes the unknown pivot force. The perpendicular distance of the force at D from A
is 2a, and that of the weight is the distance from AC found in part (b).

o) = (557

17Mg
48 +m)

All the other forces are vertical, so vertical equilibrium gives the upward pivot force as
Mg —F. Thus

F=

17Mg

kMg = Mg — ——_
9 T 48+
K1 17 :15—1—47[

4(8+m) 4(8+m)

_ 15+4m
48+ m)

€))
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Question 4

A car travels at constant speed in a horizontal circle of radius r.

(a) On a horizontal rough track, the maximum speed without sideways slipping is 3,/gr. Show
that p = .

(b) The track is now banked at angle 0 to the horizontal and has coefficient of friction }1. The

minimum speed without sideways slipping is 4/ %‘1. Find tan 6.

& J

Model solution

(a) On a horizontal track, the normal reaction balances the weight. At the maximum speed,
limiting friction provides the required centripetal force towards the centre.

2
pomv_ m(GyVor)T L
T T 4

R =mg,

At limiting equilibrium F = uR, so

F itmg 1
MZE: =
mg 4
1
I"L_4'

(5)
(b) At the minimum speed, the car tends to slide down the bank (towards the centre),
so limiting friction F acts up the slope. Take horizontal towards the centre as positive.
Resolving vertically and horizontally gives

Rcos O + Fsin® = myg,

mv?

Rsin® — Fcos0 = —

A%

The given minimum speed makes 72 = %59 and limiting friction gives F = };R- Substitute
both facts:

1
R (Cose + 1 sin 9) = mg,

1 4
R|sin® — - 0 ) = —mg.
(sm 1 cos ) 35 mg
Dividing the second equation by the first eliminates R, m and g, leaving an equation only

in tan ©:
tan 0 — }I 4

1+ tano 35
1 1
35 (tan@— 4> =4 (1+ 4’can@)

8/9
@ Maths with Matt / www.mathswithmatt.co.uk



https://www.mathswithmatt.co.uk/
https://www.mathswithmatt.co.uk/

8FMO0/26 - 2025

www.mathswithmatt.co.uk

Questions + Model Solutions

1
34tan 0 = SZ —

tan 0 =

tan 0 =

7)
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