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Question 1

Find J <8x3 = ix + 5) dx, giving your answer in simplest form.

2/

Model solution

Write the square-root term as a power of x, then integrate each term using the power rule.

3 8x*  3x1/2
3_ Y. -1)2 _ - s
J(Sx 2x +5) dx 1 21/2+5x+C.

[ 2x* —3y/x+5x+C ]
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Question 2

f(x) = 2x3 + 5x% + 2x + 15.
(a) Use the factor theorem to show that (x + 3) is a factor of f(x). (2)
(b) Find the constants a, b, ¢ such that f(x) = (x 4 3)(ax? + bx + c). (2)
(c) Hence show that f(x) = 0 has only one real root. (2)
(d) Write down the real root of f(x —5) = 0. (1)

- J
Model solution
(a) The factor theorem requires evaluation at x = —3.

f(=3) =2(—3)>+5(—3)>4+2(—3)+15=—-54+45—-6+15=0.

[ Since f(—3) =0, (x 4+ 3) is a factor of f(x). ]

(b) Expand the proposed factorisation and compare coefficients.
(x +3)(ax* + bx +¢c) = ax’ + (b + 3a)x* + (c + 3b)x + 3c.

Thus a =2, b+ 6 =5 and 3c = 15, giving

[ a=2, b=—1, c=5, 50 f(x) = (x+3)(2x2—x +5). ]

(c) The discriminant of the quadratic factor is
(—1)>—4(2)(5) = -39 < 0.

The quadratic 2x*> — x + 5 = 0 therefore has no real roots. The linear factor gives just
x =—3.

[ f(x) = 0 has exactly one real root, x = —3. ]

(d) The argument of f must equal its only real root: x —5 = —3.

( |

-
.
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Question 3

In triangle PQR, PQ = 3i + 5j and PR = 13i — 15;.
(a) Find QE. (2)
(b) Hence find I@I as a simplified surd. (2)
The point S lies on the line segment QR with QS : SR =3: 2.
(c) Find PS. (2)

& J

Model solution

(a) Travel from Q to P, then from P to R.

— PR — PQ = (13i — 15j) — (3i + 5j).

[ QR = 10i — 20j J

(b) Use the magnitude formula.

|Q72| = /102 + (—20)2 = v/500.

[ QR =105 ]

(c) Since S is three fifths of the way from Q to R, @ = %?

ﬁ:@+®:31+5j+g(101—20j).

{ PS = 9i — 7j }

-
.
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Question 4

(3x + 10)cm

C

Txcm

Triangle ABC has AB = (x+2) cm, BC = (3x +10) cm, AC = 7xcm, ZBAC = 60° and ZACB = 0°.

(a)(i) Show that 17x? — 35x — 48 = 0. (3)
(a)(il) Hence find x. (1)
(b) Hence find 6 to one decimal place. (2)

- J

Model solution

(a)(i) Apply the cosine rule opposite the 60° angle.
(3x +10)? = (x +2)* + (7x)* — 2(x + 2)(7x) cos 60°.
Since cos 60° = %

9x? + 60x + 100 = x% + 4x + 4 + 49x> — 7x> — 14x = 43x> — 10x + 4.

Hence 34x*> — 70x — 96 = 0 and, dividing by 2,

[ 17x% — 35x — 48 = 0 )
(a)(ii) Factorise and use the fact that AC = 7x is positive.
16
(17x +16)(x—3) =0 — x= 17 or x =3.

The negative value would give a negative length, so

| |

(b) The side lengths are AB =5, BC =19 and AC = 21 centimetres. By the sine rule,

Sind _ sinb0” =g _ g <5§f> ~13.1735..°.

5 19

The supplementary angle is impossible because, together with 60°, it would exceed 180°.

( 0 =13.2° )
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Question 5

The mass A kg of algae in a small pond is modelled by A = pq*®, where t is the number of weeks
after the mass was first recorded. The constants p, q satisfy

log,, A = 0.03t + 0.5.

(a) Find the complete equation A = pq', with p, q each to 4 significant figures. (4)
(b) Interpret (i) p and (ii) q with reference to the model. (2)
(c) Find according to the model (i) the mass when t = 8, to the nearest 0.5 kg, and (ii) the number
of weeks for the mass to reach 4kg. (3)
(d) State one reason why this model may be unrealistic in the long term. (1)

g J

Model solution

(a) Take logarithms of A = pq' and compare the constant term and coefficient of t.
log,, A =log,,p +tlog,,q, log,,p=0.5 log,q=0.03.
Thus p = 10%° = 3.162277... and q = 10 =1.071519....

| A =3.162 x 1.072t )

(b)(i) Att=0, A =p.

P is the initial mass of algae in the pond, approximately 3.162 kg.

- J

(b)(ii) The ratio A(t+ 1)/A(t) equals q.
[ The mass of algae is multiplied by approximately 1.072 each week, an \
increase of approximately 7.2% per week.

A J

(c)(i) Use the original logarithmic equation to retain accuracy.

A = 10003®)H05 — 1007 = 54954 ... k.

[ 5.5kg, to the nearest 0.5 kg, J
(c)(ii) Put A =4 and solve for t.
log,,4—0.5
logy4 =003t +0.5,  t=—"10 " =3.40199. ...
[ 3.40 weeks ]

(d) The model has q > 1, so it predicts unlimited growth.

A small pond has limited space and nutrients, so the mass of algae
cannot keep increasing at this percentage rate indefinitely.

-
\
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Question 6
(a) Find the first four terms, in ascending powers of x, of (3 — %")8, simplifying each term.  (4)
x—1 2x\®
= () (3-5) -
(b) Find the coefficient of x? in the series expansion of f(x) as a simplified fraction. (2)
G J

Model solution

(a) The first four binomial coefficients are 1,8,28,56.

2x\° g o[ 2x o [ 2%\’ s [ 2x\°
<39) =3 +8(3)<9)+28(3)(9> +56(3)(9> o

44
{ 6561 — 3888x + 1008x* — ?876" TR }

(b) Write (x —1)/(2x) = 1 The x> term comes from one half of the x*> term and

—1/(2x) times the x3 term.

1
2x”

1 1 448 224
Coefficient of X2 = —(1008) — = | —— | =504 + ==—.
oefficient of x 2( 008) 2( 3 ) 504 + 3

| 3 |

-
\
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Question 7
(a) Factorise completely 9x — x°. (2)
The curve C has equation y = 9x — x>.
(b) Sketch C, showing the coordinates of its intersections with the x-axis. (2)

The line 1is y = k, where k is constant. Given that C and | intersect at three distinct points,
(c) find the range of k in set notation. Solutions relying on calculator technology are not acceptable.

(3)

G J

Model solution

(a) Take out x and use the difference of two squares.

9x —x% =x(9 —x?).

[ x(3 —x)(3 + x) ]

(b) The roots are —3,0,3. The negative leading coefficient gives a curve descending from
the upper left to the lower right, with a minimum to the left of the origin and a maximum

b
(3.0)
(-3,0) (0,0 X

fo the right.
[ The x-axis intersections are (—3,0), (0,0) and (3,0). ]
(c) Find the turning-point heights using calculus.

W_g_ 32-0 — x=1va

dx

y(—v3) =—9v3+3V3=—-6v3,  y(V3)=9vV3-3V3=6V3.

The derivative is negative for |x| > \/3 and positive for |x| < \/3, confirming the minimum
and maximum. A horizontal line meets all three branches at distinct points only when its

) 8/18
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height is strictly between these values. Equality gives a tangency and only two distinct
intersections.

{ keR:—6V3 < k < 63} ]
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Question 8

Show all stages of working; solutions relying entirely on calculator technology are not acceptable.
The pressure P kg/cm? inside a car tyre, t minutes after a puncture develops, is

P =%+ 1.4e 0%, teR, t=0.

The initial pressure is 2.2 kg/cm?.

(a) State k. (1)
(b) Find the time for the pressure to fall to 1 kg/cm?, in minutes to one decimal place. (3)
(c) Find the rate at which the pressure is decreasing exactly 2 minutes after the puncture develops,
in kg/cm? per minute to 3 significant figures. (2)

(& J

Model solution

(a) Att=0¢e"=1s022=k+1.4

( k=08 )
(b) Set P =1, isolate the exponential and take natural logarithms.
02 1
1=0. 14 —0.5t —0.5t S
0.8 +1.4e — e 14-7

—0.5t =1n (;) =—In7, t=2In7 =3.89182....

[ 3.9 minutes ]
(c) Differentiate the pressure function and substitute t = 2.

dp dp

— =1.4(—-05)e "t = —0.7¢7%°¢, —| =-07e!=-0257515....

dt dt|,_,

The negative derivative indicates a decrease, so the rate of decrease is its positive magni-
fude.

[ 0.258 kg/cm? per minute ]

-
.
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Question 9

(a) Given p = log,x, where x > 0, express in simplest form in terms of p: (i) log,(x/9); (ii)

10g3(\/>_<)~ (2)

(b) Hence, or otherwise, solve

X

2log;, <9) + 3log,(vx) = —11,

giving a simplified fraction. Solutions relying on calculator technology are not acceptable. (4)
- J

Model solution

(a)(i) Use the quotient rule for logarithms and 9 = 32,

X
log, <§> =log,x —log,9 =p — 2.

| |

(a)(ii) Use \/x = x'/? and the power rule.

1
log,(v/x) = 5 log, x.

| : ]

(b) Substitute the expressions from part (a).

7
2(p—2)—|—3(g>:—11 — Tp—4=-11 — p=-2

Therefore log, x = —2, so x = 3%, which satisfies x > 0.

| |

-
.
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Question 10

Question 10

VA

0 / %

Show all stages of working; solutions relying on calculator technology are not acceptable.

The curve C has equationy = %xz —24/x+3,x > 0. The point P on C has x-coordinate 4, and 1 is
the tangent at P.

(a) Show that | has equation 13x — 6y — 26 = 0. (5)
The shaded region R is bounded by the y-axis, C, | and the x-axis.
(b) Find the exact area of R. (5)

G J

Model solution

(a) Differentiate, writing the square root as x'/2.

dy 2

_ Ly 12
dx 3X X .
At x =4,
16 ,. -1 _8 1 13
YT 3 3 3 2 6
The tangent through (4,13/3) is
13 13
Y- == — 6y—26=13x—52
[ 13x — 6y — 26 = 0 ]

(b) The tangent meets the x-axis where 13x — 26 = 0, so x = 2. Subtract the triangular
area beneath the tangent between x = 2 and x = 4 from the area beneath the curve
between x =0 and x = 4.

1 5 4
J(3x2—2x1/2+3> dx:%—§x3/2+3x+C.

x> 4 YY) 76
Area beneath C = | — — —x*/? =——-—=+12=""
rea benea [ 9 3x +3x}0 9 3 + 9

12 /18
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1 13 13
Triangl =(4-2= =2
riangle area 2( ) 3 3

4

76

Area of R = — — —.

9

13
3

37 )
9 square units
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Question 11

Question 11

~«V

~J

The circle C has equation x* +y% — 10x — 8y + 32 = 0 and the line 1 has equation 2y + x + 6 = 0.
(a) Find (i) the centre of C and (ii) its radius. (3)
(b) Find the shortest distance between C and 1. (5)

Model solution

(a) Complete the square in both variables.

(x—5)2—25+(y—42—-16+32=0 = (x—5)2+(y—4)?>=09.

[ (i) Centre (5,4); (ii) radius 3. }

(b) The shortest distance follows the perpendicular from the centre to the line, then sub-

tracts the radius. Since | has gradient —%, this perpendicular has gradient 2. Its equation
through the centre is

y—4=2(x—>5), y=2x—6.
Let it meet | at H. Solving simultaneously,
22x —6)+x+6=0 =— b5x =06, X==, yYy=——.

The distance from the centre to H is

6\° 18\ ° 19\>  /38\> 195
5-0) 4 (a4 28) (1) L (/) 21
5 5 5 5 5
This exceeds the radius, so the line is outside the circle and the required gap is

19v/5

5 3 units =~ 5.50 units.
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Question 12

Question 12

A company’s metal drinks containers are modelled as closed cylinders of radius r cm, height hcm
and capacity 355 cm>. Metal for the circular base and curved side costs 0.04 pence/cm?; metal for
the circular top costs 0.09 pence/cm?. Both metals have negligible thickness.

(a) Show that the total metal cost C pence per container is C = 0.137r? + 28.4/7. (4)
(b) Use calculus to find r for which C is a minimum, to 3 significant figures. (4)
(c) Using d2C/dr?, prove that the cost is minimised at this value. (2)
(d) Hence find the minimum C to the nearest integer. (2)

- J/

Model solution

(a) The negligible thickness allows the capacity and surface areas to use the same radius
and height. From the cylinder volume,

355
m*h =355,  h=—.
r
The base and top each have area mr* and the curved side has area 2nirh. Keeping their
costs separate initially,

C = 0.047tr? 4 0.097tr* 4 0.04(27trh) = 0.137tr? 4 0.087tr <155> .

T2

284

C = 0.137‘[1‘2 + T

(b) Differentiate with respect to the positive radius r.

dc _ 0.267tr — 28.41 2,
dr
At a stationary point,
28.4 1420\ '
0.267tr — 284 =0 = 026mr’=284 — r= 1420 =3.2638....
2 137
[ r=3.26cm ]
(c) Differentiate again.
d2C 56.8

Both terms are positive for every r > 0, so the second derivative is positive at the stationary
radius. The cost is strictly convex throughout the physical domain.

[ The stationary value found in (b) is the minimum cost. ]

. 15 /18
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(d) Substitute the unrounded radius from (b) into the cost model.

1420) 2/3 8.4
(

min — 1 A
Cmin = 01370 ( 137 1420/ (1370))1/3

=13.0520... pence.

[ Cmin = 13 pence, to the nearest integer:
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Question 13

Question 13

Show all stages of working; solutions relying entirely on calculator technology are not acceptable.
(a) Show that

1 cos 0 o
m‘i‘tane:m, 67&(211—1-1)90, n e Z.

(3)

(b) Given cos2x # 0, solve for 0 < x < 90°,

+ tan 2x = 3 cos 2x,
COs 2x
giving answers to one decimal place. (5)
g J

Model solution

(a) Use tan© = sin 0/ cos © and multiply by 1 — sin© in both numerator and denominator.
The stated domain makes the denominators nonzero.

~ 1+sin® (1+sin0)(1—sin®)  1—sin’0
cos 0 cos®  cosB(1—sin®)  cosO(1—sin0)

Using 1 — sin? 0 = cos? 0 and cancelling cos 0 gives

+tan6 cos 0
ang = ——
cos 0 1—sin®
(b) Apply the identity with 6 = 2x.
COoS 2x
1 —sin2x 3 cos 2x

Since cos 2x # 0, divide by cos2x and multiply by 1 — sin 2x:
. . 2
1 =3(1—sin2x), sin2x = 3
The range is 0 < 2x < 180°, so there are two possibilities:
2
2x = sin ! (3) =41.8103...° or 2x=180°—41.8103...° =138.1897...°.

Dividing by 2 gives 20.9052...° and 69.0948 .. .°. Both satisfy cos2x # Q.

( x = 20.9° or x = 69.1° )

-
.
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Question 14

Question 14

(i) A student states: “If x? is greater than 9 then x must be greater than 3.” Determine whether this

is true, giving a reason. (1)
(ii) Prove that n® 4 3n? + 2n is divisible by 6 for all positive integers . (3)

- J
Model solution
(i) A counterexample is enough to disprove the statement. For x = —4, x> = (—4)> =16 > 9,

but x = —4 is not greater than 3.

[ The statement is false. ]

(ii) Factorise the expression.
N4+’ +2n=nn’+3n+2)=nn+1)(n+2).

These are three consecutive integers. At least one is even, so their product is divisible by
2. One of any three consecutive integers is divisible by 3, so their product is also divisible
by 3. Since 2 and 3 are coprime, the product is divisible by 2 x 3 = 6.

[ n3 + 3n? + 2n is divisible by 6 for every positive integer . ]

Ve
-
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