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Question 1

&

Simplify log, (8¢).

J

Vs

Model solution

Write 8 as a power of the base 2, then use the power rule for logarithms.

log,(8%) =1log,((2°)*) = log,(2°*) = 3a.

3a
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Question 2

Question 2

Given siny = % and 90° < y < 180°, find cosy.

-
\.

Model solution

Use sin’y + cos’>y = 1. The stated range puts y in quadrant II, where cosine is negative.
4\? 9 3
cosy =—{/1— 5 = — 2—5:—5.

cosy = —3

Ve
G

1)
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Question 3

8
(a) FindJ <2x3 4F ;) dx.
(b) A curve has gradient %}5 =2x>+ % and x-intercept (2,0). Find its equation.
(& J

Model solution

(a) Integrate each power separately, first writing 8/x* as 8x 2. Include a constant because
this is an indefinite integral.

(3)
(b) The equation is the integral found in part (a). Use the given point to determine its
constant.

1, 8 1., 8
= xt- 2 = —2f—24c=8-4
y =5 X+c, 0 2() 2+c 8 +c,
c=—4.
1, 8
=x"———4
Y 2 X

(2)

-
N
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Question 4

Find the exact solution of In(x + 1) + In(x — 1) =1In15 — 2In 7. Fully justify your answer.

(& J/

Model solution

Combine logarithms before removing In. This turns the equation into one algebraic equa-
tion; the logarithm domains must then be checked.

In((x+1)(x—1)) =In15—1In(7*) = In (15) .

49
15 64 8
2 2
—1=— = — =+-_.
X 19 = X 19 = X -
Both x + 1 and x — 1 must be positive. For x = —%, they are negative, so the original

logarithms do not exist.

| |

Ve
G

(5)

5/22
@ Maths with Matt www.mathswithmatt.co.uk


https://www.mathswithmatt.co.uk/
https://www.mathswithmatt.co.uk/

7356/2 - 2023 www.mathswithmatt.co.uk Questions + Model Solutions

Question 5

Given sin15° = @ and cos 15° = @, show that tan 15° = 2 — /3.

N\ _J

Model solution

Use tan© = sin 0/ cos 0. Rationalising the denominator is appropriate because it removes
the surd denominator.

g = YO~ V2 V6—-V2 (V6 V2P
CVe+V2  Ve—v2 -2

6—2{?+2:8—f\@:2_\/§

[ tan15° =2 —+/3 ]

(4)
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Question 6

Question 6

The curve y = 2x? + px + 1 and the line y = 5x — 2 intersect. Find the set of values of p for which
they meet at two distinct points.

Model solution

Intersection points give a quadratic in x. Two distinct intersections mean two distinct real
roots, so its discriminant must be positive.

22 +px+1=5x—2 = 2x*+(p—5)x+3=0.

A= (p—5?%—4(2)(3)=(p—5)>—24>0.

(p—52>24=(2V6)? = p—5>2V60rp—5<—-26.

[ p>5+2vV60rp<5—2V6 ]

(5)
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Question 7

Curve C : y = f(x) has maximum (a,2b). It is transformed to (a) y = f(x + 2), (b) y = 4f(x), and
(c) y = f(3x). State the requested maximum coordinates or scale factor.

Model solution

(a) Replacing x by x + 2 translates every point 2 units left.

[ Maximum(a — 2,2b) ]
(1)

(b) Multiplying f(x) by 4 is a vertical stretch, so only the y-coordinate changes.

[ Maximum(a, 8b) ]
(1)

(c) In f(3x), x-coordinates are divided by 3, so this is a stretch parallel to the x-axis with
scale factor .

[ Scalef actor% ]

(1)
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Question 8

Prove that the sum of the cubes of two consecutive odd numbers is always a multiple of 4.

G J/

Model solution

Represent consecutive odd integers symmetrically as 2k — 1 and 2k + 1, where k is an
integer. Expand their cubes and factfor the sum.

(2k +1)° =8k> + 12k* + 6k + 1,

(2k —1)% = 8K® — 12k* 4 6k — 1.

(2k +1)° + (2k — 1)% = 16k + 12k = 4k(4k? + 3).

Since k and 4k?> + 3 are integers, this has a factor of 4. Therefore the sum is always a
multiple of 4.

[ Proved. ]

-~
-

(5)
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Question 9

Selling price P is inversely proportional to number produced n, with P = 24 when n = 10. Pro-
duction cost C is inversely proportional to n?, with C = 60 when n = 10. (a) Show P = 240/n. (b)
Find n for which P > C. (c) Explain its significance.

& /

Model solution

(a) Inverse proportionality has the form P = k/n. Use the given pair of values to find k.

k
24 = — k = 240.
10 = 0

| = |

(1)
(b) The phrase “inversely proportional to the square" gives C = 1/n% Compare the two
quantities after finding 1.

l 6000
= — l, = — .
60 = 15 = 1=6000, C="
240 6000
— > 7 -
n n

As M is a positive number of items, multiplying by n?> preserves the inequality.

240n > 6000 = n > 25.

( n > 25 ]
@

(c) Here price exceeds production cost exactly when more than 25 items are produced and
sold.

[ The artist makes a profit if more than 25 items are sold. ]

(1)

-
N
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Question 10

Question 10

A 66 cm wire makes three sides of a rectangle of sides x,y, and two sides of an equilateral triangle
of side x. (a) (i) Explain the triangle area %xz. (a)(ii) Show A = 33x — }1(6 —/3)x2. (b) Find the
X giving maximum area.

V3

1 (i) You are given that sin60° = =

. J

Model solution

(a)(i) The two sides around the included 60° angle both have length x, so use %ab sin C.

1 1 3 3
Area = EX -xsin60° = ixz . \2[ = \4[7(2.
{ @xz cm? }

(1)
(a)(ii) The outside wire comprises three lengths x and two lengths y, giving the constraint
needed to eliminate y. The enclosed area is rectangle plus triangle.

3
3x+2y=66 = y:33—§x.

A =xy+ \fXQ =X (33— ?2)x> + \fxz = 33x — 1(6—\@)%.

1
A =33x — 4—1(6 —V/3)x?

(3)
(b) Differentiate the area function and set its derivative to zero to locate a stationary area.
The second derivative establishes whether it is a maximum.

dx 2
0—33—1(6—\/§)x:>(6—\/§)x—66:>x— 06
2 —V/3
_66(6+V3)
T =12+ 2V3.
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A1
2 = 5(6-V3) <0,

so the stationary value gives a maximum area.

[ x =12 +2v3 cm ]
7)

. 12 /22
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Question 11

Question 11

L; : x+7y —41 = 0 is tangent to circle C at P(6,5), and L, : y = x + 3 is tangent at Q(0, 3). (a) Show
the radius through P isy = 7x —37. (b) Find C.

The lines Ly and L, and the circle C are shown in the diagram below.

— P
Ly

A

(a) A radius to a tangent point is perpendicular to the tangent. First find the tangent
gradient, then use the negative reciprocal and point--gradient form through P.
1 41

Li:y= _§X + 7; Mradius = 7 -

-
.

Model solution

y—5=7x—6) = y=7x-—237.

[ y =7x — 37 ]

(3)
(b) The centre lies on both radii. Since 1, has gradient 1, its radius through Q has gradient
-1

y—3=—x—-0 = y=-—x+3.

/x—=37=—x+3=>x=5, y=-—2
The centre is (5,—2). Its squared radius, using Q, is 5> + (—5)? = 50.

[ (x —5)> + (y +2)% = 50 ]
%

Ve
-
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Question 12

Identify the continuous variable: flavour, known standard deviation of mass, mass of an individual
bag, or number of bags in a box.

Model solution

A continuous variable can take any value within an interval, including decimal values. Mass
is measured on a continuous scale.

[ The mass of an individual bag of nufts. ]

(1)
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Question 13

Question 13

For continuous variable X, the frequencies are

X ‘11<x§21 2l <x <24 24 <x <42 42<x<50
Frequency ‘ 7 9 36 18

Find the frequency density for 24 < x < 42.

. J

Model solution

Histogram height is frequency density, so divide the frequency by the class width. This
class has width 42 — 24 = 18.

36
frequency density = 8 =2.

Vs
.

(1)
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Question 14

Question 14

A factory has 65 production and 28 office employees. (a) Explain how to take a simple random
sample of 20 from all 93. (b) State a different representative sampling method.

Model solution

(a) A simple random sample gives every employee an equal chance. Number the full
population, then use random numbers rather than selecting conveniently.

Label employees 1 to 93, generate random integers from 1 to 93.

Select the employees with those labels, ignoring any repeated number, until 20 different
employees have been selected.

[ Number 1--93; randomly select 20 distinct labels. ]
3)

(b) To make both employee groups represented in their population proportions, divide the
population into production and office strata before sampling.

[ Stratified sampling. ]
(1)
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Question 15

Question 15

Bowl A contains 1,2,3,7; B contains 0,0,2,3,5,6,8,9; C contains 0,1,1,2,3,3,3,6,7. One ball is
drawn from each to form a three-digit number. Find the probability that it is (a) even, (b) 703, (c)
divisible by 111.

In powl U mere dre rnirne pdis numoerea v, 1, 1, £, 3, 9, 9, o dna r

This information is shown in the diagram below.

A three-digit number is generated using the following method:
* a ball is selected at random from each bow!

+ the first digit of the number is the ball drawn from bow! A

* the second digit of the number is the ball drawn from bowl B
* the third digit of the number is the ball drawn from bowl C

5 (a) Find the probability that the number generated is even.

Model solution

(a) A number is even exactly when its final digit is even. Bowl C has three even-numbered
balls (0, 2 and 6) out of nine.

(1)

(b) The draws are from different bowls, so multiply their independent selection probabilities.
There are two Os in B and three 3s in C.

\O|W
I
Q=

P(703) =

| ;s ]

2)
(c) The possible three-digit multiples of 111 that can be made are 222 and 333. Add their
mutually exclusive probabilities.

P(222) + P(333) =~ - < - = L 1

(2)
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Question 16

Question 16

x |1 2 3 4 5 6 y | 23 4 56 7
P(X=x)[03 01 02 01 01 02 P(Y=y)[03 p 02 01 p 3p+005

Determine whether the claim P(X > 3) > P(Y < 4) is correct.
(. J

Model solution

First determine p, because probabilities in a distribution must sum to 1. Then calculate
the two probabilities in the claim.

034+p+02+0.1+p+(3p+0.05) =1,

0.65+5p =1=p =0.07.

P(X>3)=02+01+01+02=06,

P(Y <4) =0.3+0.07+40.2 = 0.57.

[ Theclaimiscorrect, since0.6 > 0.57. ]

-
.

(4)
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Question 17

An archer has 30 attempts per session and hits the centre with probability 0.79 each time. The
number of hits is binomial. Find (a) its mean, (b) P(X = 22), (c) P(X < 18), and (d) P(X > 26).

Model solution

Let X ~ Bin(30,0.79), since there is a fixed humber of attempts, each has two outcomes
and a constant hit probability. (a) For a binomial distribution, E(X) = np.

E(X) = 30(0.79) = 23.7.

( 23.7 )
1)

(b) Evaluate the binomial probability at exactly 22 hits.

30

P(X =22) = (22

)(0.79)22(0.21)8 = (0.124 (3 sf).

( 0.124 ]
®

(c) Use the cumulative binomial probability for “18 or fewer".

P(X < 18) = 0.01399.. ..

[ 0.014(3s.f.) ]

(1)

(d) “More than 26" means X > 27. Use the complement of the easier cumulative probability.

P(X >26) =1—P(X <26) =1—-0.901559... =0.0984404 ...

[ 0.0984(3s.1.) ]

(2)
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Question 18

Question 18

It is believed 25% of bakery customers buy a loaf. After free samples, a large random sample is
tested at 5%; the test statistic lies in the critical region. (a) State hypotheses. (b) Give the contextual

conclusion.
g J

Model solution

(a) The possible effect being investigated is an increase, so use a one-tailed test. Let p be
the population proportion of customers buying a loaf after samples are provided.

[ Ho:p = 0.25,H; : p > 0.25 )
1)

(b) Being in the critical region at the 5% level means the result is sufficiently unlikely under
Hoy, so reject H,,.

There is sufficient evidence to suggest that the proportion of customers
buying a loaf of bread has increased.

(2)

-
G
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Question 19
Question 19
Box plots A and B compare masses of samples of 20 convertible cars from the Large Data Set in
2002 and 2016. (a) Estimate median of A. (b) (i) Why might B be claimed incorrect? (ii) Comment.
(c) Explain why B must be 2002 data.
Box Plot A I i
| H i
sopes| [ [ [T}
|
0 500 1000 1500 20c
Mass (kg)
19 (a) Estimate the median of the masses from Box Plot A
[1 mai
G J/

Model solution

(a) Read the median line inside Box Plot A against the mass scale.

[ Approximately1662.5 kg(acceptableestimate1650to1675 kg). ]

(1)

(b)(i) Box Plot B has its minimum at O kg, apparently implying a car has zero mass.

[ [timpliesatleastonecarhasmass0 kg, whichappearsimpossible. ]

(1)
(b)(ii) The plot need not be wrong: the Large Data Set contains zero entries in the car-mass
field.

[ The claim is invalid; zero masses do occur in the Large Data Set. ]

(1)
(c) Of the two relevant years, only the 2002 data contain zero entries in the masses field.
The zero minimum on B therefore identifies its year.

Box Plot B is from 2002 because only the 2002 data contain zero
masses.
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